The paper deals with the existence of solutions of some parabolic bilateral problems approximated by the renormalized solutions of some parabolic equations.
Introduction
Let Ω be a bounded domain in R N and T > 0. We denote by Q the cylinder Ω × (0,T) and Γ = ∂Q. Let 
A(u)
where K is a given convex in W 1,p 0 (Ω) and f ∈ L p (0,T;W −1,p (Ω)). It is well known that (P) admits at least one solution via a classical penalty method (see Lions [5] for p ≥ 2 and Landes-Mustonen [4] for 1 < p < 2). Recently in [6] , the authors approximated (P) by the following sequence of parabolic equations: ∂u n ∂t + A u n + h x,u n n−1 h x,u n G x,t,u n ,∇u n = f in Q, u n (x,t) = 0 on ∂Q, u n (x,0) = 0 in Ω,
where h and G are two Carathéodory functions satisfying some natural growth conditions. The obtained convex K depends on two obstacles constructed from h. In the L 1 case, that is, f ∈ L 1 (Ω×]0,T[), the formulations (P) and (P n ) are not appropriate. So, we introduce the renormalized problem (R n ) associated to (P n ) (see the definition below). The study of the asymptotic behavior of (R n ) as n → ∞ leads to some bilateral parabolic problem. Our approach allows us also to prove the existence of solutions for general parabolic inequalities of type
and where H is a given Carathéodory function satisfying some natural growth assumption.
For some recent and classical results for some parabolic inequalities problems, the reader can refer to [2, 7, 9, 10] .
Main result
Let Ω be an open bounded subset of R N , N ≥ 2 and 1 < p < +∞.
We denote by Q the cylinder Ω × (0,T) and
Carathéodory function satisfying for a.e. x ∈ Ω, for all t ∈ R and for all ζ,ζ ∈ R N , (ζ = ζ ) the following hold:
G is a Carathéodory function satisfying the following assumptions:
Let us suppose
where b is a continuous nondecreasing function and c(x,t) ∈ L 1 (Q), c ≥ 0, and
We define for all s and k in R, k ≥ 0, T k (s) = max(−k,min(k,s)).
We will say that u n is a renormalized solution of (P n ) if
A has a compact support and u n satisfies the initial condition in the sense that
Thanks to [8, Theorem 3.2, page 164], there exists at least one solution u n of (R n ).
where u is a solution of the following obstacle problem:
where
Remark 2.2. The same result can be obtained when dealing with general operator of Leray-Lions type depending also on u, that is, A(u) = −div(a(x, t,u,∇u)).
Proof of Theorem 2.1.
Step
(2.9)
(2.10)
and by using the fact that Ω (
We have H m (s) (resp., h m (s)) tends to s (resp., to 1) as m goes to +∞. Using Fatou's lemma and the definition of the renormalized solution leads to
which gives
and as k → 0 we obtain
Choosing now a C 2 function ρ k , such that ρ k (s) = s for |s| ≤ k and 2k sign(s) for |s| > 2k, we get
. Now thanks to the following result.
6 Parabolic inequalities in L 1 We deduce that ρ k (u n ) is relatively compact in L p (Q) and so there exists a measurable function u such that u n → u a.e. in Q.
Finally, we deduce from (2.13) that
, and strongly in L p (Q).
Step 2. We are dealing now with the almost convergence of the gradient.
We have to prove that, for 0 < θ < 1,
, we define for any μ > 0,ω μ the time regularization of ω,
where ω is the zero extension of ω for s > T. Furthermore, ω μ satisfies the following properties (see [3] ):
(2.20)
On the other hand, we have
(2.24)
Using the fact that
consequently,
This implies that
27) which gives by using the fact that Finally from (2.22),
(2.31)
For what concerns the term I 2 , one has
In the same way, we show that
Combining the above estimates, we get
Then there exists a subsequence also denoted by (u n ) such that
Step 3. From (2.16), we deduce that
which gives for every β > 0,
where k > 1. Letting n → +∞ for k fixed, we deduce by using Fatou's lemma
and so, by (2.4)
Letting now β → +∞, we deduce also that
Step 4. Strong convergence of the truncations.
We will prove that 
We deal now with the estimate of each term of the last equalities.
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Since
This implies that 
by using the fact that ϕ ≥ 0 and that
the last integral is of the form (m,n). We deduce that
For I 3 (σ), one has
Integrating by parts, using the fact that Φ ≥ 0, and following the same way as above, we have
(2.53)
Combining these estimates, we conclude that
We set where 
